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Abstract In this manuscript, we extend the stochastic
analysis of transient two-phase flow (Chen et al., Water
Resour Res 42:W03425, 2006) to three-phase flow, i.e.,
water, air, and NAPL. We use the van Genuchten model
and the Parker and Lenhard three-phase model to describe
the relationships between phase saturation, phase relative
permeability, and capillary pressure. The log-transforma-
tions of intrinsic permeability Y(x) = In k(x), soil pore size
distribution parameter f5,,,(x) = In «,,(x) between water
and NAPL, and f,,(x) = In o,,(x) between air and NAPL,
and van Genuchten fitting parameter 72(x) = In [n(x) — 1],
are treated as stochastic variables that are normally dis-
tributed with a separable exponential covariance model.
The Karhunen—-Loeve expansion and perturbation method
(KLME) is used to solve the resulting equations. We
evaluate the stochastic model using two-dimensional
examples of three-phase flow with NAPL leakage. We also
conduct Monte Carlo (MC) simulations to verify the sto-
chastic model. A comparison of results from MC and
KLME indicates the validity of the proposed KLME
application in three-phase flow. The computational effi-
ciency of the KLME approach over MC methods is at least
an order of magnitude for three-phase flow problems. This
verified stochastic model is then used to investigate the
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sensitivity of fluid saturation variances to the input
variances.

1 Introduction

Contamination of vadose zone and groundwater caused
by Non-Aqueous-Phase-Liquid (NAPL) spills threatens
subsurface water resources. Remediation of NAPL-con-
taminated groundwater requires comprehension of flow
and transport of NAPL within the natural subsurface for-
mation. It is recognized that soil heterogeneity plays a
critical role in the migration of NAPL, and it may make
deterministic modeling of flow systems impossible due to
the lack of required field data to adequately represent it.
Therefore, many researchers have resorted to stochastic
approaches, which provide a more applicable and efficient
method for analyzing subsurface flow, compared to
deterministic modeling. Stochastic analysis has been
studied extensively to simulate flow and transport in both
saturated and unsaturated porous media in the last two
decades (e.g., Dagan 1989; Gelhar 1993; Zhang 2002),
though very little research has been conducted on multi-
phase flow. Chang et al. (1995a, b) used a spectral/
perturbation method to analyze water—oil flow under
saturated and unsaturated conditions and to evaluate the
moments of the capillary pressure. Abdin et al. (1995,
1996) further demonstrated the validity of these spectral/
perturbation analyses via numerical simulations. Ghanem
and Dham (1998) used the spectral stochastic finite
element method to discretize the governing stochastic two-
phase flow equations in the Euclidian physical dimensions,
and the random property in elements is expressed by
Karhunen-Loeve expansion. Combined with polynomial
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expansions, the moments are solved numerically. A novel
stochastic approach based on the Karhunen-Loeve
expansion and perturbation method (KLME) has been
implemented in saturated flow and unsaturated one-phase
flow by Zhang and Lu (2004) and Yang et al.(2004). Chen
et al. (2005, 2006) introduced KLME method to complex
multiphase flow systems, and predicted mean and variance
of fluid pressures, capillary pressure and saturations for the
water—oil flow.

These previous stochastic studies of multiphase flow in
heterogeneous porous media have been limited to water—oil
two phase flow or at most assuming a static gas phase,
while in remediation processes the gas phase behavior and
the interaction between the water, oil and air play a critical
role in some situations. For example, gas venting is a
popular method for soil remediation and cleanup, if the
NAPLs are volatile. The idea of gas venting is to pump air
to pass through the contaminated zone, and extract the
contaminant by a vaporization process. The contaminant
gas phase is extracted and treated at the surface. In such a
remediation scheme, a full three-phase model is a must. In
the petroleum industry, a petroleum reservoir is typically
three-phase flow system, and the movement of oil toward
producing wells is strongly against capillarity and hetero-
geneities in the porous medium (Trangenstein and Bell
1989). The presence of the gas phase is indispensable in
reservoir simulation, especially for some enhanced recov-
ery methods such as miscible gas flooding. Therefore,
understanding the stochastic and dynamic behavior of the
three phases (water, NAPL and air) is imperative. The only
study to date, by Abdin and Kaluarachchi (1997a, b),
applied spectral/perturbation methods to stochastic analysis
of three-phase flow to predict the variability of capillary
pressures.

The objective of this study is to evaluate the effect of
soil heterogeneity on the mean and variances of fluid and
capillary pressures as well as on the phase saturations of
all three phase, and to demonstrate the applicability of the
KLME analysis to three-phase flow. Log intrinsic per-
meability, log pore size distributions, and log van
Genuchten fitting parameter are treated as input stochastic
properties, distributed normally with a separable expo-
nential covariance function. The Karhunen-Loeve
expansions of these stochastic input variables was pre-
sented in Chen et al. (2005, 2006) for two-phase flow,
and the application to three-phase flow follows that
expansion. Monte Carlo (MC) simulations are conducted
to confirm the validity of the KLME analysis and its
numerical implementation. We also present one base case
study and a series of cases, to investigate the sensitivity
of fluid saturation variances to input variability, and to
obtain insights into the effect of soil heterogeneity on
three-phase flow.
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2 Derivation of KLME for transient three-phase flow

The KLME method includes decomposing the indepen-
dent random process (e.g., log transformed intrinsic
permeability) using the Karhunen-Loeve expansion and
expanding the dependent stochastic process (e.g., fluid
pressure) using polynomial expansion and perturbation
methods. With these expansions, we formulate a series of
deterministic partial differential equations in different
orders, which are called KL-based Moment Equations
(KLME). These partial differential equations can be
solved using existing numerical techniques and the solu-
tions are assembled to construct mean and (co)variances
of fluid pressures. In this section, we will derive KLME
for transient water—oil-air flow in heterogeneous porous
media.

Similarly to the fully coupled water—oil phase transient
flow formulations (Chen et al. 2006), the basis three-phase
flow equations are the phase conservation laws and the
generalized Darcy law:

0S,(x,1)

9L Vg, (x,1) = Fy(x,1), (1)
q,(x,1) = = (X, ) [V Pp(x,1) + p,g], (2)
subject to initial and boundary conditions

P,(x,0) = Pp(x), x€Q, (3)
Py(x,1) = Pp(x,1), x€Ip, 4)

q,(x,1) -n(x) = 0,(x,1), x€Tly, (5)

where p denotes three phases (p = w, a, 0); S,(x,t) are the
water (w), air (a), and oil (o) saturations; (,(x,?) are the
water, air and oil fluxes; x is the position vector in 2- or
3-D; F,(x,f) is a source or sink term; /,(X,f) =
k(x)k;,(Sp)/ 1, is liquid mobility; P,(x,t) is the fluid
pressure; p, is fluid density; k(x) is the intrinsic perme-
ability of porous media; k,, is the phase relative
permeability; y, is the liquid dynamic viscosity; P,o(X) is
the initial pressure in the domain Q; P,(x,?) is the pre-
scribed pressure on a Dirichlet boundary segment I'p;
O,(x,) is the prescribed fluid flux across Neumann
boundary segments I'y; g is the gravity vector; n(x) is the
outward unit vector normal to the boundary I'y, and ¢ is
the porosity of the media.

Letting Z,(x,f) = In A,(x,f), and combining (1) and (2)
gives the governing flow equation:

2
0 ng, ) GZ%SfJ) [@P %S‘ i ppg(m}
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subject to boundary conditions
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Py(x,0) = Ppo(x), x€Q, (7)
P,(x,1) = Py(x,1), X€Ip, (8)
ni(x) exp [Z,(x,1)] %}:’t)—i- pp80i1 | = —0p(x,1), 9)

XEFN7

where, §;; is the Kronecker delta function, which equals
1 when i is 1 (upward direction) or O otherwise. The
initial and boundary terms P,(x) and P,(x,), the
source—sink term D,(x,f), ¢ and S, are assumed to be
deterministic.

In this study, the most widely used three-phase capillary
pressure—saturation relationships derived from van
Genuchten (1980) are used:

SW - [l + (aowPow)n]_ma (10)
sz = [1 + (O‘aopao)n]ima (11)
where Sy = (S —Sw)/(1 =8,,),8 = (S; =S,/

(1 —S,,,) are the effective water and effective total liquid
saturation, S, = S,, + S, is total liquid saturation, S, is
residual water saturation, and S, = 1 — S, is the air phase
saturation. P,, = P, — P, and P,,= P, — P, are the
water—oil and oil-air capillary pressures. Following
the nomenclature of the Van Genuchten model, «,,,, o, are
the oil-water and air—oil pore size distributions respec-
tively, and n and m are fitting parameters with m = 1 — 1/n.

For relative permeability—saturation relationships, we
employ Parker and Lenhard’s model to the stochastic
analysis of the transient water—oil two-phase flow. The
functions can be expressed as:

ko = SY2[1= (1= §1W/'")mr, (12)
ko= (1-5)"2(1-5")™" (13)

b = =502 [(1=54")" = (1=5)" T (ay

The log-transformed soil permeability Y(x) = In k(x), log-
transformed water—oil and oil-air pore size distributions
PowX) = In a,,(x) and f,,(x) = In o,,(x), and log-trans-
formed van Genuchten parameter 71(x) = In [n(x) — 1] are
treated as random space functions, by which n(x) is guar-
anteed to be greater than 1. Although the KLME method
does not require specification of probability distribution for
random fields, we assume them to follow normal distri-
bution for the sake of conducting MC simulations. These
random variables are presented in phase mobility and the
relationships between capillary pressures and saturations.
Using these definitions, the governing equations (6)—(9)
become stochastic partial differential equations, and the

corresponding solutions are statistical moments of the
dependent variables.

We use the same KLME approach presented in Chen
et al. (2005, 2006) to approximate the solutions of these
stochastic partial differential equations in terms of
moments of pressure head. Based on Egs. (40), (41) and
(42) in Appendix A, the governing equation (6) can be
extended as

o’p, 0Z, (apw

+ 5 _ C()W a})()W FW
ox? Oox; \ Ox; PugOn | = ez) ot

— ()

62P0 aZa apa Cao aPau Fa
axl-z ax,- (Eﬁx,- + pagéil) - e(za) at - e(zu) ’ (]6)
o’p, 07, (P, —CpyOPpy  —CupOPyy
o O (axi +p”g5“) T @) or e o
F,
T o)

(17)

To simplify the expression, we removed (x,f) from the
location and time dependent variables in the above
equations, as well as in the following equations. The
boundary conditions are the same as those shown in
(N-09). Z,x,1), Cou(x,0), and C,(x,t) are derived in
Appendix A. One may expand them into infinite series:
Py(x,1) =P + PV .. Z,(x,1) =200 + Z{V + ...
Pow(xvt) :P(()?v) +P(()1v) +7 Puo(x7t) :Pc(g) +P((1})> +

e Cop(x,1) = C + CS) + -+, and Cpo(x,1) = C) +
Cé}, + - --. In these series, the order of each term is with
respect to o, which is some combination of the variability
of the input variables. Substituting these decompositions
into (15)—(17), and collecting like terms at the same order
leads to the partial differential equations for Oth and 1st
order as follows:

Ay ozl Ry o] cll orgl F,

TN A Bz I
(18)

2P ozl [op s ] - i) 0Pl F.

T R R R I
(19)

*PY oz [op ]

ox? + Ox; | Ox; + Po8oi

_ —Col 0Py = W oPy F, 20)

Oz oz oz
P[(,O) (x,0) = Ppo(x), x€Q, (21)
P[()O)(X7t) = Ppt(X7 t)7 x € I'p, (22)
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(1)
PO (x,0)=0, x€Q, (27)
PV (x,1) =0, x€Tlp, (28)
oP (x,1) X
n;(x) #+in(x,t)zpﬁ)(x,t) =0, xeTly,
(29)

where J,;(x,1) = 6P,(,0> (x,1)/0x; + p,g0i1(p = w,a,0) is
the spatial mean gradient of total water, air and oil
pressure. Z,EO) (x, t),C,(fV)V) (x,1), cly (x,1), and Z,Sl)(x, 1),
C((,lv) (x,1), C,(l}) (x,1) are derived in Appendix A.

Substituting (67)—(70) in Appendix A into (24)—(29)
yields the infinite series of {&,} on both sides. The sum-
mation of both sides equal to each other:

PL) L oz\) oz opl))
axiz i ax,- ax,- Gx,-
(0) (1) (0)
_ Fw Z(]) Cow aPow,n _ Z(]) aPow ow N aPow
ez 2 | ot WOt e ot
(30)
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P(x,0)=0, x€Q, (33)
Pl (x,1)=0, x€Tp, (34)
ap“,l t
l( )[ pé(x’ )+]p1(X,f)Z( (th) —07 XEFNv
Xi

(35)
where, Z'", (x,), and C,(,L{,,(x, 1), C,glo),,,(x7 t) are presented
in Appendix A.

In this study, we approximate fluid pressure up to Ist

order in o:
Py(x,1) ~ PV (x,1) + PV (x,1). (36)
The mean fluid pressure is shown as

(Py(x,1)) ~ <P[(,0) (x,t)> + <P[(,1)(x,t)> =PV (x,1).

(37)
Hence, the fluctuation of fluid pressure is
Py(x,1) = Py(x,1) — (Py(x,1)) = PV (x,1). (38)
The covariance of fluid pressure can be derived as
P, (X,y,1) ZP}}H X, 1) Pl Y, 1). (39)

It is clear that covariance of fluid pressure Cp,(X,y,?) can
be calculated from the solution of Egs. (30)—(35), that is,
P(l)p,,,(x,t). The covariance of fluid saturation can also be
calculated based on the derivation in Appendix B. We use a
finite difference scheme to discretize these coupled non-
linear partial differential equations and program the related
code to the stochastic three-phase numerical model named
“STO-3PHASE®’. It should be noted that all the equations
and derivations presented above are formal, since one
cannot be certain that all equations have a unique solution
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in an appropriate functional space and are smooth enough
to justify all the differentiations made.

3 Case 1: Comparison with Monte Carlo simulations

To test the simulator and the concepts and to demonstrate
its validity, we conduct traditional MC simulations as the
reference. To perform numerical simulations, the two-
dimensional domain constructed by Chen et al. (2005, 2006)
was considered in this work (Fig. 1). The 3 m x 0.96 m
domain was discretized into 50 x 16 squares, each 0.06 m
long. The soil properties, boundary conditions, and sto-
chastic variables are given as Case 1 in Table 1. The output
includes mean and variance of phase pressures (water, oil,
air), capillary pressures (water—oil and air—oil), fluid satu-
rations (water, oil, air). A constant oil leak is introduced at
X1 =2.4 m, X2 =0.48 m, and constant water infiltration is
specified at the top. At present the model requires constant
boundary conditions. We considered a 100 kg/day of oil
leak rate and water infiltrating at 0.5 cm/year, simulating a
large spill into the domain, similar to an underground oil
pipeline rupture. The Coefficient of Variation (CV) of
intrinsic permeability, water—oil pore size distribution,
oil—-air pore size distribution, and van Genuchten fitting
parameters were 53.29, 10.08, 10.10, and 7.86% respec-
tively. The number of MC simulations required depends
on the variability of input variables. In the test cases,
the variability was chosen to be relative small so that
the flow simulation for each MC realization converges.
Convergence was tested by plotting the mean and/or
variance of the dependent variables at some selected
locations for 2,000 simulations and evaluating whether
they were stable. Statistical moments from 2,000 MC
simulations were used to check the validity of the KLME
simulations.

A comparison of the central vertical profile (X1) of the
mean of the two capillary pressures shows a very good
match between MC and KLME simulations after
1,000 days (Fig. 2a). Both oil-water capillary pressure P,,,,
and air—oil capillary pressure P,, increase with elevation
from a fixed boundary value at the bottom, with a deviation
from linear behavior at the oil leak location. In this case,
the magnitude of P, is larger than that of P,, along the
central vertical line. Figure 2b, ¢ present a comparison of
the variances of the capillary pressures (P,, and P,,)
between MC and KLME. Considering higher-order terms
have been omitted in the KLME derivation, the match is
quite reasonable. The variance in P,,, rises from 0 at the
bottom, to a small salient at the location of the oil leak, and
continues to increase with elevation. P,, present a very
different behavior, increasing first to a peak at oil leak
location, and then decreasing instead of rising. It seems the

oil leak affects the behavior of the variance in P,, more
than the variance in P,,,.

Figure 3 shows the mean (left column) and variance
(right column) of fluid pressures along the central vertical
line. The mean of each of the three fluid pressures
decreases with the elevation, almost linearly for water and
air, while oil pressure exhibits some curvature with a
salient at the oil leak location. The variance profiles
increase with the elevation, and a clear peak occurs at the
oil leak location for the variance of oil pressure. The
variances are non-linear, with a rapidly increasing variance
from the fixed pressure boundary condition at the bottom to
the top of the domain. The mean and variance of oil
pressure are very sensitive to the oil leak into the domain.
The variance in P, is much smaller than the variance in P,,
(7 orders of magnitude larger) and P, (6 orders of mag-
nitude larger), despite the same order of magnitude for the
mean P,. This is reasonable because air density is nearly 3
orders of magnitude less than liquid densities, and the
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Fig. 1 Model domain and boundary conditions

@ Springer



Stoch Environ Res Risk Assess

Table 1 Soil and fluid properties and boundary conditions

Parameter name Symbol Units Case 1 Case 2
Water density Dw kg/m® 997.81 997.81

Air density Da kg/m3 1.208 1.208

Oil density Do kg/m3 650 850

Water viscosity . Pa s 1.0 x 1073 1.0 x 1073
Air viscosity Ua Pa s 1.786 x 107° 1.786 x 107°
Oil viscosity Uo Pas 6.5 x 107 6.5 x 107
Mean intrinsic permeability <k> m? 579 x 1072 152 x 1078
Mean oil-water pore size distribution < Uow > 1/Pa 553 x 107* 1.50 x 1073
Mean air—oil pore size distribution < Olgo > 1/Pa 1.01 x 1073 2.64 x 107*
Mean fitting parameter <n> - 1.36 1.15
Variance permeability ot - 9.52 x 107 8.33 x 107'¢
Variance oil-water pore size distribution o2 - 3.11 x 107° 1.20 x 1076
Variance air—oil pore size distribution 2 = 1.04 x 1072 536 x 1078
Variance fitting parameter o, - 1.13 x 1072 1.02 x 107!
Coefficient of variation (k) CV(k) — 53.29% 120.81%
Coefficient of variation («_ ow) CV(o_ow) — 10.08% 61.97%
Coefficient of variation (o_ ao) CV(o_ao) 10.10% 71.40%
Coefficient of variation (n) CV(n) — 7.86% 27.62%
Correlation length N> Nerr M m 0.3 0.3

Lower boundary water pressure P, Pa 5.00 x 10* 9.60 x 10*
Lower boundary air pressure P, Pa 5.4 x 10 1.01 x 10°
Lower boundary oil pressure P, Pa 5.04 x 10* 9.82 x 10*
Upper boundary water infiltration O cm/year 0.5 3.15

Oil leak rate D, kg/day 100 0.001

Note: Case 1 is simulated and compared with Monte Carlo simulations. Case 2 is served as the base case for sensitivity study of fluid saturation

variances

mean air pressure gradient is also about 3 orders of mag-
nitude less (Fig. 3).

Figure 4 presents the mean water, air, and oil saturations
on the left column and the corresponding variances on the
right column. After 1,000 days, the mean water saturation
increases downward from the top of the domain along a
smooth curve, with only a very small notch at the oil leak
location. This is consistent with full saturation at the water
table (X1 = 0). In contrast, the mean air and oil saturations
increase upward from the water table, with significant
differences in behavior. Air phase saturation (S,) increases
almost linearly upward, although the maximum S, < 0.03,
since there is constant water infiltration from the top. The
rest of the pore space is occupied by the oil leaked in at the
spill location. In each node of the domain, the sum of the
three fluid saturations equals 1. The profile of total liquid
saturation (S; = S,, + S, =1 — §,) can be derived from the
curve of S,, which decreases upward from the water table
(X1 = 0), with a salient at the oil leak location. This
behavior can also be determined from the mean air—oil
capillary pressure (Fig. 2a) according to van Genuchten
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relationship between them (Eq. 11). The behavior of the
mean saturations and pressures is similar to that of a spill in
a homogeneous soil, although not exactly the same since
there are some second order non-linearities even in the
calculation of the first-order moment.

In addition, the solution of the stochastic partial differ-
ential equations (via KLME or MC) allows us to
understand the variability in flow behavior due to the soil
heterogeneities, through an analysis of the variances. The
variances of S,, and S, increase upward from zero at the
water table, where the pressures and saturations are spec-
ified as a boundary condition. However, the increase in the
variances is not monotonic, since the variances decrease
above the oil leak location, with a smooth convexity and
sharp salient, respectively. The variance in S, is more
sensitive to the oil leak than the variance in S,,, and exhibits
a sharp peak at the oil spill location, indicating significant
variability in response near this location, which translates
to variability in water saturation in this area as well. In
contrast, the variance in S, is smallest at the oil leak
location, since there is very little air in this region.
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Fig. 2 Comparison between Monte Carlo (MC) and KLME stochas-
tic simulations at 1,000 days for central vertical profile of a mean
capillary pressure, b variance of water—oil capillary pressure, and
¢ variance of air—oil capillary pressure

In Case 1, Egs. (30)—(35) are solved forn =1, 2, ..., 200,
and the solutions are used to calculate the variances of fluid
pressures. Solving coupled, non-linear Oth order KLME
partial differential equations cost about ten iterations, and
each first order term required about five iterations. The
total iterations for KLME in Case 1 are 1,010. As for MC
simulations for Case 1, each MC runs took about 20

iterations. The 2,000 MC runs amount to 40,000 iterations,
which is 40 times the effort for KLME. The actual time for
the KLME simulation in Case 1 was about 1 h, whereas
3 days were spent for the MC simulation in the same
computer. This study demonstrates once more that KLME
is an efficient approach to investigate the stochastic
behavior of multiphase flow, and we will use KLME to
conduct sensitivity study of the variances of water, air, and
oil saturation to four soil properties variability in Case 2.

4 Case 2: Sensitivity of variances of fluid saturations vs.
input variables

The model domain in Case 2 is the same as that in Case 1,
while the fluid properties and boundary conditions, as well
as the mean and variances of four random input variables,
were changed (Table 1). As shown in Fig. 5, the initial oil
saturation is less than 0.01 throughout the entire domain,
making the modeled area nearly clean unsaturated soil. We
reduced the oil leak rate to 0.001 kg/day, but increased
water infiltration to 3.15 cm/year, to simulate a slight
underground storage tank leak in a wetter climate. As
shown in Table 1, the heterogeneity of soil properties was
increased substantially in Case 2.

4.1 Transient behavior of variances of fluid pressure

This Case will be used as the base case for sensitivity study
of fluid saturation variances to input variability, but first,
we would like to discuss the changes of fluid pressure
variances with the simulating time. The simulation runs
with oil injection for the first 1,000 days, then for another
1,000 days without oil injection. The water infiltration
upon the top boundary remains throughout the 2,000 days
of simulation time. Figure 6 shows the 2-D contour map of
oil pressure variances distributions. With 1,000 days of oil
leak at node (2.4 and 0.48 m), the oil pressure variance was
distributed radially from oil leak point, and increase
upward until the top boundary, due to the water infiltration
on the top. After another 1,000 days without oil leak, the
local high pressure variances around oil leak location
smeared out completely at 2,000 days. However, the oil
pressure variances in the lower part of the domain, which is
far from the oil leak location, were close to zero and
unchanged with the time, which indicates that source/sink
term affects the uncertainty of fluid flow significantly.
Furthermore, it is seen that the oil pressure variance in
Case 1(Fig. 3) is 7 orders of magnitude greater than that in
Case 2, despite of much less input variability (Table 1).
It is because the oil leak rate in Case 1(100 kg/day) is
5 orders of magnitude larger than that in Case 2
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(0.001 kg/day). This demonstrates that the effect of oil leak
upon fluid pressure variances is significant enough to
overwhelm the effect of input variances in this study. The
change of variances of water and air pressure from 1,000 to
2,000 days is almost negligible compared to that of oil
pressure, so we did not show their contour map, from
which no apparent change of distribution and magnitude
can be seen between the two times. Nevertheless, we do
show the changes and the relative changes of the water and
air pressure variances, as well as the oil pressure variances,
along the central vertical line in Fig. 7. At 1,000 days after
stopping oil injection, the oil pressure variances decrease
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by up to 100%, and the water pressure variances decrease
only 0.01%, while air pressure variances increase slightly
by 0.002%. This shows the oil injection affects the
uncertainty of oil pressure much more than that of water
and air pressure.

4.2 The sensitivity of variances of fluid saturation vs.
the input variances

To investigate the influence of heterogeneity of soil prop-
erties on uncertainty of three-phase flow, we conducted a
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series of simulations based on Case 2. In each simulation, the
variance of one of the four random soil properties, intrinsic
permeability Y, oil-water pore size distribution f,,,,, air—oil
pore size distribution f,,, and van Genuchten fitting
parameter 7 in Case 2, was increased or decreased by 50%,
with the other three unchanged. Thus, a total eight simula-
tions were conducted, and the absolute changes and the
relative changes of fluid saturations along the central vertical
line of the model domain at 1,000 days with the changed
input variability are shown in Figs. 8, 9, 10, and 11.

The effect of intrinsic permeability heterogeneity is pre-
sented in Fig. 8. The left column is the results from the

simulation with var(Y) increased by 50%, and the right is the
one with var(Y) decreased by 50%. The three rows list water,
air, and oil saturation variances changes in the two simula-
tions compared to Case 2 simulation. Both changes and
relative changes were plotted, corresponding to the left and
right y axis, respectively. When var(Y) increased by 50%, the
maximum relative changes for variances of water, air, and oil
saturation are increased by 0.002%, decrease by 0.0003, and
0.0007%, respectively, as shown in the left column of Fig. 8.
Based on these data, we may conclude that the variances of
fluid saturation are not so sensitive to intrinsic permeability
variability, and the variances of water saturation is relatively
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Fig. 6 Contour map of oil pressure variances at 1,000 and 2,000 days
in Case 2

more sensitive to variances of Y than air and oil saturation.
These results may be related to different phase mobility of
water, air and oil, since var(Y) is included in the expression
of phase mobility, but not in the van Genuchten model
(Egs. 10, 11), which constructs the relationship between
fluid saturation and three random soil properties, excluding
intrinsic permeability. When var(Y) decreases 50%, the
changes and relative changes of fluid saturation present
nearly opposite behavior of the simulation with var(Y)
increase by 50%, as shown in the right column of Fig. 8.
Figure 9 presents the sensitivity of variances of fluid
saturation to oil-water pore size distribution variability.
Apparently, the uncertainty of water saturation is strongly
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sensitive to variance of f,,, (30%), with 4 orders of mag-
nitude larger than those of air (0.0014%) and oil saturation
(0.0029%). However, Fig. 10 shows a completely different
behavior with regards to the air-oil pore size distribution
Puo- The variances of water saturation is insensitive to the
variance of f,, (0.008%), while air and oil saturation
variability depends substantially on the variance of f,, (35
and 160%). More interesting, the variances of all the three
fluid saturations are sensitive to the van Genuchten fitting
parameter 72, with maximum relative changes of 43, 38, and
85%, respectively, as shown in Fig. 11. We can resort to
the van Genuchten model for a reasonable explanation.
From Eq. (10), water saturation is directly dependent on
Oy = €Xp(Bow), 1, and m, so its variances are sensitive to
those of f,,,7. Air saturation Sa = 1 — St depends on
0ao = eXp(fao), 1, and m from Eq. (11), so its variances are
related to f3,, and 7 strongly. Oil saturation is more related
to total liquid saturation St, so the sensitivity of its vari-
ances presents the same trend of behavior as air saturation.

In summary, the variances of all three fluid saturations
are sensitive to those of 7, but none of them is sensitive to
those of Y. In addition, water saturation’s variances are also
sensitive to those of f,,,, and air, oil saturation’s variances
are sensitive to those of f,,. We summarized the sensitivity
study in Table 2.

5 Summary and conclusions

We extended KLME application from transient two-phase
flow to transient three-phase flow in this study, and dem-
onstrated its validity and efficiency via numerical
implementation by comparison with MC simulations. We
then use the verified stochastic three-phase model to
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Fig. 7 Changes (left y-axis) and relative changes (right y-axis) of
variances of a water pressure, b air pressure, and ¢ oil pressure from
1,000 to 2,000 days along central vertical line in Case 2. Note: Y+ and
Y— indicates that the variance of Y increases and decreases by 50%,
respectively. The abscissa of all the figures is central vertical line of
the domain (X1); the left and right ordinate represent the changes and
the relative change of the fluid saturation variances in response to the
50% increase or decrease of the intrinsic permeability (Y) variances

investigate the sensitivity of variances of fluid saturation to
variability of four random soil properties, that is, intrinsic
permeability, oil-water pore size distribution, air—oil pore
size distribution, and van Genuchten fitting parameter.
Based on these discussions, the main findings of this study
are summarized as follows:

e The KLME approach is applicable to stochastic anal-
ysis of transient three-phase flow with van Genuchten
constitutive relationship between fluid saturation and
capillary pressure.

e Incorporating the gas phase in the multiphase flow
system makes our stochastic model more realistic and
applicable than that for water—oil phase flow developed
previously (Chen et al. 2005, 2006).

e The comparisons of the KLME and MC simulations
validate the applicability of the KLME for three-phase
flow, and demonstrate again that the KLME is a more
efficient stochastic approach than the traditional MC
approach. Thus, it provides a powerful and convenient
tool to investigate the stochastic behavior of water—air—
oil phase flow in heterogeneous porous media, such as
sensitivity analysis.

e The sensitivity analysis for variances of fluid saturation
to variability of four different soil properties indicates
how and to what extent the different random input
variables affect the stochastic behavior of water, air and
oil phase flow. To some degree, this analysis serves to
better understand the stochastic processes in a multi-
phase flow system.
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6 Appendix A

The transient part of the governing equation (6) can be
expressed as:

S, aS,, oP,, oP,,,

Sy =G (0
0S, oS, 0P, oP,,
¢ ot __d)(]_Swr)aPao' ot —Cuo' ot ) (41)
oS,  o(1—-S8,—S8,) oP,,, oP,,
e g5 S) (c oy ¢, L )
(42)
where
as,,
ow\ Ay = 1 - wr) ~m
Con(%.8) = 91 = ) 35
— (1 — Sy )t (11 — 1)3‘/’”[1 —Sﬁ/’”} ,
(43)
os,
ao\ &, = - 1 - wr) Apm
Cunl3.1) = ~ (1 = Sur) 35

s [L-5"" @

t t

= ¢(1 - Swr)(xao(n -

The log transformed water, air and oil phase mobility
Z, = In A, can be derived as follows:
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Fig. 8 The change of the
variances of water, air, and oil
saturation with the 50% increase
and decrease of the variances of
the soil intrinsic permeability.
Note: f,,+ and f ,,— indicates
that the variance of f,,, increase
and decrease by 50%,
respectively. The abscissa of all
the figures is central vertical line
of the domain (X1); the left and
right ordinate represent the
changes and the relative change
of fluid saturation variances in
response to the 50% increase or
decrease of the oil-water pore
size distribution (f3,,,) variances
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Fig. 9 The change of the
variances of water, air, and oil
saturation with the 50% increase
and decrease of the variances of
the oil-water pore size
distribution. Note: f,,+ and
fao— indicates that the variance
of f8,, increase and decrease by
50%, respectively. The abscissa
of all the figures is central
vertical line of the domain (X1);
the left and right ordinate
represent the changes and the
relative change of the fluid
saturation variances in response
to the 50% increase or decrease
of the air—oil pore size
distribution (f,,) variances
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Equations (58)—(62) are evaluated at P,<,W> (x,1), PE,O) (x,1),
(58)  {(Bow(X)), (Ba(x)), and (ia(x)). Their explicit expressions

are given in Appendix B. The KL expansion of the
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fluctuation part of log-transformed soil permeability can be 00
/
expressed as (Chen et al. 2005): Buo(x,0) = E C(0) g, (x), (65)
o o n=1
! 1
Y'(x,0) = &0V i) =D &(0)(%) (63) >
n—1 n—1 n (X> 9) = in(g)wn (X)7 (66)

In the above equation, 4, f,,(x) are eigenvalue and the
corresponding eigenfunction of covariance Cy(X.y),
respectively, and +/Z,,f,(x) are combined into f,(x),
since /4, and f,(x) are always coupled. f,(x) will be
written as f,,(x) in the following formulation for simplicity.

Similarly, the KL expansion of the log pore-size

distribution parameters f3,,(X), f.(X), and fitting

parameter 71(X) are:

B (%:0) =~ &, (0) (%), (64)
n=1
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where, ¢,(x), ¢,(x), and V,,(x) are respectively the product
of the square root of an eigenvalue and its corresponding
eigenfunction of covariance Cpg,,(X,y), Cpuo(X,y) and

Cﬁ(X, y)

The terms Pél) (x,1), Z,EU (x,1),

C((,iv) (x,1), and P (x,0)

in equations (24) to (29) in the text can be expressed in terms

of a set of orthogonal Gaussian random variables {&,} and
deterministic coefficients P,g,z (x,1), Z,(,l,z (x,1), ng_n (x,1),
and CV,, ,(x,0):
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Fig. 11 The change of the
variances of water, air, and oil
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Table 2 Sensitivity of variances of fluid saturation to input C(()L) (x,1) = E éncf(,‘l4,>7,, (x,1), (69)
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0 _ _
1) _ (1)
— " — ZW(x,1) = fo + u100P) 4 u +u 71
Note: + indicates sensitive, — indicates insensitive W*r"( ’ ) Jn w1005 0w, n W’Olod)" W’Omlp”’ ( )
1 1
ZE0 (X, 1) = fo + a100Pl)y + 400109y + tagorVys  (72)
1 1 1
o Z0) (X,1) = fo + Uo,10000PS, . + Uo01000PLs), + Uo001000,
Pl(,l)(x, ) = E énP;IJE (x,1), (67) + Uo,000109, + U0,00001Vy5
o (73)
ZM W )
1 (1 1 _ 1
Z‘,(; )(Xa t) = gnZ‘,(;_g (X> t)a (68) Cow,n(x’ t) - VW-IOOPOWJZ + vW7010¢n + VW,OOI Ipn’ (74)
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Cél?n(X, t) = Va,100P£L),n + V0109, + Va 001, (75)

7 Appendix B

As shown in the text, Z,(X,1), C,,.(X,1), Cy0(X,?) are function
of capillary pressure, pore size distribution and van
Genuchten fitting parameters, all of which are stochastic.

0z, 7% oS,
w100 = Py 0, 0Py, (76)
0z, 07, 0S,
Halo = op TS, oPa,’
oz, 0z, aS, 0z, 07, 0S,
Up010 = 2 =25 "ap o+ Ha0l0 =25 = 25 "Ap
" aﬁ()w’ a‘S‘W aﬁow “ aﬂao aST aﬁd()
(77)
oz, 0Z, On 2 0Z,,
Uy.001 = 5 = E : & = on (78)
where,
0z, 0z, oS, [(2\ (1-8ym)"
on S, Oon n?)q_ (1 _gvlv/m)m
(79)
_ St/m In S,
_ Ql/m w w
x lln(l s )+1—S‘3/"’< = )]
0z, 0Z, on _ ,0Z,
“a0 = = o on (50
where,
0Z, 07, 05,
on  0S, on
2 al/m 7t1/m lngt
+ (ﬁ) [m (1-s! )+1—s‘}/’” e I
Similarly,
oc,, 0C,, oS,
100 = =, , 82
Y 100 aPUW’ aSw’ aPUW’ ( )
acow o acow agw
Vw010 = aﬁow — agw aﬁow + C{)W(X7 t)a (83)
oC,, 0C,, On ~0C,,
—_ —— D i— n 84
OO T T o o ¢ an (84)
where,
aCow o aCow 65_‘w Cow (X7 t)
on  0S, On (n— 1)2
B ql/m __ 1 B
B 2 Cqym) , (mA 1S
xln 1+mln(1 S, >+ 1_§v1v/m InS, |,
(85)
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and
0C,  0C,, 05,

Yol =3p "= 58, 0P, (86)
0C.  0C,, 05,

a = =5 Cuo(X,1), 87
o =0, 0, o, Y 7

Va001 = aggo = % . % = "%7 (88)
where,

0Cs  CudS,  Cultet

on oS, on (n — 1)2

_ nsy/m—1.
x [n 1+ m’In (1 —S,l/m> +Mln&1.

s
(89)
The above equations are evaluated at Pf,(v)g,ng)7
(Bow)s (Bao), () and S, 5.

_ (my]—(m
S&?) (X, t) — l:] + (e</faw)Pl()(3V> n :| , (90)
<(0) gao) p(0)\ " o
5,0 = |14 (elFp0) , (91)

where, (n) = e + 1, (m) =1 —1/(n).
Among the equations above,
aZw 1 Z(SV;]/m _ 1)m71

3, :E+W» (92)

— o1

Z_i‘j —2(1 - S S—t_lz/ii 7 )
aait =- nP:WI 5. (1 _ 5‘W/"’), o
aagt = (=15, (1-5/"). (95)
aa; =—(n— 1)5,(1 _ gtl/m)’ o
aaCS{;W = —¢p(1-S5,,) P

- §l/m-1 (1 - S}V/m)’"*l {n —(2n— 1)5_3/”1} (98)
aacs, = p(1 =S, - e

L g/mt (1 - 5}/’”)'"71 [n —(2n—1) ’,‘/"’}, (99)
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6§w_ w( )_ﬂs—
on  nn—1) n"

0SS (s ]

Consider NAPL phase mobility,

0z, 0z, 0S,
Uo10000 = 35— = 55 "3p
Lo 07, 07, 35,
0,01000 = 0P, B aSt 0P ’
. 0z, 0z, oS,y
0,00100 — aﬁow - agw aﬁow,
0z, _0z, a5,
Ho.00010 = 55— = 35, 3B,
ao ! ao
u _ %, %2, on_ %
000001 =8 T o o om
where,
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(1-sm)"

_ m—1

~c a o + m mo
oS, 2(5; — SW) (l _ Swlv/m) . (1 . S_,]/m>
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(&)
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B m B Svl/m
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